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Abstract. While certification has been successful in the context of sat-
isfiablity solving, with most state-of-the-art solvers now able to provide
proofs of unsatisfiability, in maximum satisfiability, such techniques are
not yet widespread. In this paper, we present QMaxSATpb, an extension
of QMaxSAT that can produce proofs of optimality in the VeriPB proof
format, which itself builds on the well-known cutting planes proof sys-
tem. Our experiments demonstrate that proof logging is possible without
much overhead.
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1 Introduction

As the area of combinatorial search and optimization matures, we observe a
strong increase in applications, as well as in highly optimized solving technology.
Since some of these applications involve high-value and life-affecting decision-
making processes (e.g., verifying software that drives our transportation infras-
tructure [44], or matching donors and recipients for Kidney transplants [34]), it
is of utmost importance that the answers produced by the solvers be completely
reliable. Unfortunately, the reality is different: the constant need for more ef-
ficient and advanced algorithms forms an excellent breeding ground for bugs,
resulting in numerous reports of solvers outputting faulty answers [9, 11, 1, 20].

There are multiple ways to deal with this issue. One possibility is to formally
verify correctness of the solvers. While there have lately been promising advances
in this direction (e.g., [18]), formally verifying advanced reasoning methods used
in modern-day solvers turns out to be challenging. Another approach is certifi-
cation or proof logging. The idea here is that a solver should not just produce
an answer, but also an efficiently verifiable certificate or proof showing that the
answer is correct [2, 38]. This certificate can then subsequently be verified by an
independent tool (often referred to as a verifier or proof checker) of much lesser
complexity. In Boolean satisfiability (SAT) [36], this approach has been success-
fully applied, with numerous proof formats and verifiers, including even some
formally verified verifiers [26, 6, 27, 28, 43, 14, 13]. Moreover, for several years, it
has been a requirement of the (main track of the) SAT competition that solvers
provide certificates of their answers.
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In the domain of Maximum Satisfiabilty (MaxSAT), the optimization vari-
ant of SAT, certification has not yet had its breakthrough moment. A couple of
proof systems and tools have been developed to certify MaxSAT solutions [8, 40,
33, 39]. However, none of them can truly be called a general-purpose proof sys-
tem for MaxSAT, either because they are built to certify only specific MaxSAT
algorithms, or because of a limited expressivity, such as for instance a lack of
support for rules introducing new variables, which is common in several pre- and
inprocessing techniques. For this reason, we expect that richer proof systems will
be needed to handle the full range of MaxSAT solving techniques.

One promising proof format to fill this gap is VeriPB [17, 25, 24, 22], a proof
format for pseudo-Boolean satisfiability, that was recently extended to pseudo-
Boolean optimization [7], which generalizes MaxSAT. VeriPB builds on top of
the cutting planes proof system [12], and extends it with a generalization of the
Resolution Asymmetric Tautology (RAT) rule that lies at the basis of the most
successful proof formats for SAT. VeriPB naturally facilitates proof logging for
advanced techniques such as XOR and cardinality reasoning [25] and symmetry
breaking [7] that have been largely out of reach of other proof formats for SAT.

In this paper, we present QMaxSATpb, an extension of the MaxSAT solver
QMaxSAT with capabilities to output proofs in the VeriPB format. In brief,
QMaxSAT works as follows. First, the input CNF is augmented by a totalizer
circuit [5]. The purpose of this circuit is to count the number of falsified clauses.
Next, it iteratively calls MiniSAT [16], asking for a solution in which strictly
more clauses are satisfied, until no better solution can be found. The biggest
challenge to obtain VeriPB-compatible proofs, was to deduce a native pseudo-
Boolean encoding of the variables involved in the totalizer circuit. Once that
is in place, the rest of the algorithm can easily be forced to output VeriPB-
compatible proofs. In fact, since the VeriPB format generalizes the DRAT proof
system, which is the most common proof system for SAT, the MiniSAT oracle
could be replaced by any SAT solver that supports DRAT proofs (which in
practice means, most state-of-the-art SAT solvers).

We experimentally validate our solver on benchmarks from MaxSAT chal-
lenges. Our experiments show that proof logging is generally possible with min-
imal overhead. While most proofs can be verified by VeriPB, we do notice that
verification still takes more time than solving, and we did find some cases where
VeriPB can not verify a proof within reasonable limits, thereby suggesting that
the proofs generated by our new tool form an interesting new testing ground for
efficiency improvements to the proof verifier.

The rest of this paper is structured as follows. In Section 2 we introduce the
necessary preliminaries. Section 3 describes how we extended QMaxSAT with
proof logging and Section 4 contains our experiments. We conclude in Section 5.

2 Preliminaries

Propositional logic As usual, a Boolean variable x ranges over the Boolean values
0 (false) and 1 (true). A literal is a variable x or its negation x. A clause C =
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a1∨· · ·∨ak is a disjunction of literals. A formula (in Conjunctive Normal Form –
CNF) is a conjunction of clauses. The empty clause is denoted ⊥. An assignment
α is a partial function from the set of variables to 0 or 1; it is extended to literals
by α(x) = 1−α(x). The assignment α satisfies a clause C if it assigns at least one
of C’s literals to 1; it satisfies a formula F , if it satisfies all the clauses of F . In
that case, we also call α a model of F . A formula F is satisfiable if it has a model,
and unsatisfiable otherwise. The Boolean Satisfiability problem (SAT) consists
of deciding whether a formula F is satisfiable. A partial MaxSAT-instance1 is
a tuple (F, S) with F the hard clauses and S the soft clauses. The Maximum
Boolean Satisfiability problem (MaxSAT) consists of finding an assignment that
satisfies all clauses of F and as many clauses of S as possible. Without loss of
generality, we can assume that S = {x1, . . . , xn}; this can always be enforced by
introducing so-called relaxation variables.

QMaxSAT QMaxSAT [32] is an iterative partial MaxSAT solver. Such solvers
work by repeated calls to a SAT oracle, each time requesting a better solution
than the best one found so far. To express the constraint that the next solution
should be better than the previous one (i.e., that fewer literals in S should be
falsified), QMaxSAT uses an encoding of cardinality constraints in propositional
logic, namely the totalizer circuit encoding [5]. We will review the full encoding
in Section 3, but in order to understand the algorithm what matters is that, with
S = {x1, . . . , xn}, it introduces new variables (among those new variables are
the “counting” variables v1, . . . , vn) and introduces a formula G over the original
and the new variables such that: each model α of F can uniquely be extended
to a model α′ of F ∪G; moreover, α′ is such that α′(vj) is true if and only if at
least j of the relaxation variables xi are true.

After adding this encoding, QMaxSAT searches for a model of F ∪G (using
an oracle call to a SAT solver). If a model α is found, the clauses vj are added
for all j ≥ UB , with UB (the “upper bound”) equal to the number of xi that
is true in α. These added clauses express that strictly fewer of the relaxation
variables xi are true (and hence, strictly more soft constraints are satisfied),
and a new model is sought. This process repeats until no more solutions can be
found. Pseudocode of the QMaxSAT algorithm can be found in Algorithm 1.

The VeriPB proof system We now review the rules of the VeriPB proof system
we use for certification of QMaxSAT; we refer the reader to Bogaerts et al. [7]
for an exposition of the full proof system. A pseudo-Boolean (PB) constraint C
is a linear inequality of the form

∑
i aili ≥ A where ai and A are integers, li are

literals. We call
∑
i aili a linear term; the value of this term in a total assignment

α is
∑
i aiα(li). The constraint C is true in α if

∑
i aiα(li) ≥ A. Without loss of

generality it can be assumed that PB constraints are normalized : that all literals
li are over distinct variables and the coefficients ai and A are non-negative.

1Since QMaxSATpb is based on QMaxSAT version 0.1 [31], which does not sup-
port weights, we do not discuss weighted (partial) MaxSAT here. Later versions of
QMaxSAT do support weights, using other encodings of PB constraints in CNF.



4 D. Vandesande et al.

Algorithm 1: QMaxSAT

1 input: a set of hard clauses F , a set of soft clauses S = {x1, . . . , xn}, a
SAT-solver Solver

2 α← Solver.solve(F )
3 if α = ‘UNSAT’ then
4 return ‘UNSAT’
5 G,Y ← generateTotalizerClauses(R) /* with G the totalizer clauses

and v1, . . . vn ∈ Y the output variables meaning that at least i
variables xi are satisfied. */

6 F ← F ∪G
7 while true
8 UB ← #{i | α(xi) = 1}
9 F ← F ∪ {vj | j > UB}

10 α← Solver.solve(F )
11 if α = ‘UNSAT’ then
12 return UB

The negation of C is a PB constraint as well, namely C =
∑
i−aili ≥ −A+ 1.

A PB formula or theory is a conjunction of PB constraints. Clearly, a clause
l1 ∨ · · · ∨ lk is equivalent to the PB constraint l1 + · · · + lk ≥ 1. Hence, SAT
formulas (in CNF) are special cases of PB formulas. An instance of a pseudo-
Boolean optimization problem is a tuple (F, f) with F a PB formula and f a
linear term to be minimized, referred to as the objective function. A solution for
(F, f) is a model of F , for which there does not exist another model of F with a
smaller objective function value. A partial MaxSAT problem (F, S) can also be
seen as a pseudo-Boolean optimization problem (F,

∑
s∈S s).

2

For an instance (F, f), the VeriPB proof system keeps track of a proof con-
figuration (C, v∗) with C a set of constraints (initialized as F ) and v∗ an integer
or ∞ representing the best value for f found so far (initialized as ∞). It allows
updating this configuration (C, v∗) using the cutting planes proof system [12]:

Literal Axioms: For any literal, we can add li ≥ 0 to C.
Linear Combination: Given two PB constraints C1 and C2 in C, we can add

a linear combination of C1 and C2 to C.
Division: Given the normalized PB constraint

∑
i aili ≥ A in C and an integer

c, we can add the constraint
∑
idai/celi ≥ dA/ce to C.

Saturation: Given the normalized PB constraint
∑
i aili ≥ A in C, we can add∑

i bili ≥ A with bi = min(ai, A) for each i, to C.

Additionally, VeriPB allows for rules for dealing with optimization statements:

Objective Bound Update: Given a model α of F , we can update v∗ to α(f).
Objective Improvement: We can always add the constraint f < v∗ to C.

2Here, we use the fact that we can assume that S = {x1, . . . , xn}, but our proof
logging and verification also work with an arbitrary set of soft clauses.
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The first of these rules updates the objective value, given a solution; the second
represents that once a solution is found, we search for strictly better solutions.
VeriPB also has a rule for deleting constraints (in a way that guarantees that no
better-than-optimal values can be found). Finally, VeriPB allows deriving non-
implied constraints with a generalization of the RAT rule (which is common in
proof systems for SAT). This rule makes use of a substitution, which maps every
variable to 0, 1, or a literal. Applying a substitution ρ on a constraint C results
in the constraint C�ρ obtained from C by replacing each x by ρ(x).

Redundance-based strengthening: In case C ∧ C ` f�ρ ≤ f ∧ (C ∪ C)�ρ, we
can add C to C.

Intuitively, this rule can be used to show that ρ, when applied to assignments
instead of formulas, maps any solution of C that does not satisfy C to a solution
of C that does satisfy C and that has an objective value that is at least as good.
Importantly, in many cases, it is not required to show precisely why a constraint
can be derived, but the verifier can figure it out itself (by means of so-called
reverse unit propagation [26]).

In case the proof system ends in a state (C, v∗), with ⊥ ∈ C, we know that v∗

is the value of the optimal solution of (F, f). If v∗ =∞, then F is unsatisfiable.

3 QMaxSATpb

We now explain how we extended QMaxSAT with proof logging capabilities,
resulting in QMaxSATpb. The overall idea is that whenever the upper bound is
updated (Line 8 in Algorithm 1), we have a model of F and can use the bound
update rule to update v∗ accordingly. In the rest of the algorithm, we make
sure that every clause that is added, can be derived in the VeriPB proof system.
There are three different places where new clauses are derived:

– Clauses derived by the SAT solver (Lines 2 and 10).
– Clauses representing the totalizer encoding (Line 5).
– Clauses for strengthening the theory to match the new upper bound (Line 9).

We will discuss them in this order. All the clauses derived by the SAT
solver used by QMaxSAT (which is MiniSAT), are in fact reverse unit propa-
gation (RUP) clauses, meaning that they are implied by the cutting planes proof
system. VeriPB can check itself that they are indeed implied; simply claiming
they are RUP suffices to yield a valid proof. It is important to note here that our
approach does not hinge on all clauses being RUP. If the solver is replaced by any
other modern SAT solver with proof logging capabilities, only minor syntactic
modifications are needed to make it VeriPB-compatible. Indeed, as mentioned
before, redundance-based strengthening generalizes the well-known RAT rule,
and moreover, VeriPB can additionally handle symmetry breaking, cardinality
reasoning and XOR reasoning [25, 7].

Let us now turn our attention to proofs for the totalizer encoding. First, we
observe that cardinality definitions can easily be derived by redundance-based
strengthening.
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Proposition 1. Let (C, v∗) be a proof configuration, X a set of variables, j ≤
|X| + 1 an integer and vXj a variable not occurring in C. The following two
constraints can be derived by redundance-based-strengthening:

PX1,j :=
∑
x∈X

x+ (|X| − j + 1) · vXj ≥ |X| − j + 1

PX2,j :=
∑
x∈X

x+ j · vXj ≥ j

The first of these constraints expresses that vXj is true if at least j of the variables

in X are true. The second expresses that vXj is false if it is not the case that at
least j of the variables in X are true.

Proof. The variable vXj is a fresh variable; the constraints enforce it to be true
if and only if

∑
x∈X x ≥ j. Gocht and Nordström [25] have shown how these

defining constraints can be derived using redundance-based strengthening.3 We
include a full proof here to make the paper self-contained. To prove that a
constraint PXi,j can be derived by redundance-based strengthening, we need to

show that a substitution ρ exists such that C ∧ PXi,j ` f�ρ ≤ f ∧ (C ∪ PXi,j)�ρ.
We start by proving this for PX1,j . Let ρ1 be the substitution that maps vXj to

1 (and every other variable to itself). Since vXj is not used in C nor f , C clearly

entails f�ρ ≤ f ∧ C�ρ1 . Since ρ1 maps vXj to 1, (C ∪ PXi,j)�ρ is trivially true.

We now have to prove that we can derive PX2,j from C ∪ PX1,j , since PX1,j was

derived before PX2,j . Let ρ2 be the substitution that maps vXj to 0. Since ρ2 does

not change C nor f and since PX2,j�ρ2 is trivially satisfied, it suffices to show that

PX1,j ∧ PX2,j ` PX1,j�ρ. Now, whenever PX2,j holds, it must be that vXj is true and∑
x∈X x < j and therefore

∑
x∈X x ≥ |X|−j+1. I.e., PX1,j must then be satisfied

independently of vXj and hence also PX1,j�ρ is entailed. ut

Now, the totalizer encoding does not consist of the constraints PXi,j above but
of clauses encoding the same information. We will show that these clauses can
be derived by cutting planes derivations from the PB constraints PXi,j . As such,
the way we implemented proof logging in QMaxSATpb consists of first deriving
the constraints in PB form, and subsequently extracting the clauses used in the
totalizer encoding. Also when adding the strengthening constraints below, will
we make use of the PB encoding of these variables.

Definition 1 (Totalizer encoding [5]). Let X be a set of variables and T a
binary tree of which the leaves are the variables in X. For every node η of T , let
vars(η) denote the leaves of T that are descendants of η. For each internal node

η, the totalizer encoding introduces variables v
vars(η)
j with 0 ≤ j ≤ |vars(n)|+ 1

with intended meaning that v
vars(η)
j holds if at least j variables of vars(η) are

3There, this rule was called subsitution redundancy.
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true. For each leaf node x, we write vx0 = 1, vx1 = x, and vx2 = 1. For each
internal node η with children η1 and η2, the encoding consists of the clauses

Cη1 (α, β, σ) = vEl
α ∨ vEk

β ∨ v
Ej
σ (1)

Cη2 (α, β, σ) = vEl
α+1 ∨ v

Ek

β+1 ∨ v
Ej

σ+1 (2)

for all combinations of 0 ≤ α ≤ |vars(η1)|, 0 ≤ β ≤ |vars(η2)|, 0 ≤ σ ≤
|vars(η)|, with α+ β = σ.

This encoding can be simplified by replacing vη0 by 1 and vη|η|+1 by 0 for each

η. QMaxSATpb adds such a totalizer encoding for the set of relaxation variables
R := {x | x ∈ S}. The next theorem shows that it can indeed be derived in the
cutting planes proof system.

Theorem 1. Let X be a set of variables and T a binary tree of which the leaves
are the variables in X. Let η be an internal node of T with children η1 and η2.
The totalizer encoding clauses Cη1 (α, β, σ) and Cη2 (α, β, σ) can be derived by a
cutting planes derivation from the PB constraints

P ηi,j ∪ P
η1
i,j ∪ P

η2
i,j

Proof. Let η be an internal node with children η1 and η2 and define X1 =
vars(η1) and X2 = vars(η2). Assume α+β = σ with 0 ≤ α ≤ |X1|, 0 ≤ β ≤ |X2|,
0 ≤ σ ≤ |X|.

Summation of PX1
2,α, PX2

2,β and PX1,σ results in:

( ∑
xi∈X1

xi

)
+ αvX1

α +

 ∑
xj∈X2

xj

+ βvX2

β +

(∑
x∈X

x

)
+ (|X| − σ + 1)vXσ

≥ α+ β + |X| − σ + 1

We can rewrite the left hand side because X1 ∩X2 = ∅ and X1 ∪X2 = X. The
right hand side can be rewritten because α+ β − σ = 0. This results in:(∑

x∈X
x

)
+

(∑
x∈X

x

)
+ αvX1

α + βvX2

β + (|X| − σ + 1)vXσ ≥ |X|+ 1

Because of the opposite signs, the first two terms simplify to |X|; after a satu-
ration step, this results in:

vX1
α + vX2

β + vXσ ≥ 1

This is exactly Cη1 (α, β, σ) from the totalizer encoding.
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A similar pattern is followed in the proof for the Cη2 (α, β, σ) constraints.
First, summation of PX2,σ+1, PX1

1,α+1 and PX2

1,β+1 gives:(∑
x∈X

x

)
+ (σ + 1)vXσ+1 +

( ∑
xi∈X1

xi

)
+ (|X1| − α)vX1

α+1

+

 ∑
xj∈X2

xj

+ (|X2| − β)vX2

β+1 ≥ σ + 1 + |X1| − α+ |X2| − β

Because X1∩X2 = ∅ and X1∪X2 = X, the left hand side can be rewritten. The
right hand side can be rewritten because |X1|+ |X2| = |X| and σ − α− β = 0.
This results in:∑

x∈X
x+

∑
x∈X

x+ (σ + 1)vXσ+1 + (|X1| − α)vX1
α+1 + (|X2| − β)vX2

β+1 ≥ 1 + |X|

Because of the opposite signs in the first two terms, this is equivalent to:

(σ + 1)vXσ+1 + (|X1| − α)vX1
α+1 + (|X2| − β)vX2

β+1 ≥ 1

After a saturation step, this becomes equivalent to the Cη2 (α, β, σ) constraints
from the totalizer encoding. ut

The next theorem shows that the unit clauses to constrain the next solutions
to better ones can be derived in the VeriPB proof system as well.

Theorem 2. Let (C, v∗) be a proof configuration and Y = {vR1 , ...vR|R|} be the

set of counting variables on the set R := {x | x ∈ S}. For any j ≥ v∗, the unit

clause vRj can be derived if C contains the pseudo-Boolean constraint PR2,j.

Proof. Let n ≥ v∗. Because of the Objective Improvement rule, VeriPB can
derive the constraint: ∑

xi∈R
xi ≥ |R| − v∗ + 1

Summation with PR2,j results in:(∑
xi∈R

xi

)
+

(∑
xi∈R

xi

)
+ nvSj ≥ |R| − v

∗ + 1 + n

Because of the opposite signs of the first two terms, they can be dropped, re-
sulting in:

nvSj ≥ n− v
∗ + 1

Division by n− v∗ + 1 followed by a saturation step results in:

vSj ≥ 1

These are exactly the unit clauses added by QMaxSAT. ut
Therefore, given an upper bound UB , QMaxSAT can derive the constraints

vYj for all j ≥ UB and call MiniSAT to find a better solution.
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4 Implementation and Experiments

In order to test our work, we extend QMaxSAT (version 0.1 [31]) with proof
logging as described above. The extensions amount to the following:

– All learned clauses are written to the proof file using VeriPB’s RUP notation.
– All performed clause deletions (internally in the SAT solver) are written to

the proof file.
– Each time a new objective value is found, it is written to the proof file using

VeriPB’s objective bound update notation.
– Before QMaxSAT builds its totalizer circuit, redundance-based strength-

ening is used to derive a pseudo-Boolean encoding of the cardinality con-
straints.

– The original procedure for generating the totalizer encoding now also writes
the cutting planes derivations for these clauses to the proof file.

– The unit clauses that constrain the objective function and their cutting
planes derivations are written to the proof file as well.

The QMaxSAT patch as well as the source code and all necessary scripts to run
the experiments, are available on GitHub [41, 42].

We experimentally validate QMaxSATpb using benchmarks from the 2021
MaxSAT evaluation [10]. All benchmarks were ran on the VUB Hydra cluster.
Each solver call was assigned a single core on a 20-core INTEL Xeon Gold 6148
(skylake) processor with a time limit of 60 minutes and a memory limit of 32GB,
matching the resource limits used in the evaluation. Preliminary tests suggested
that verification using VeriPB (commit 0e61617) requires substantially more
memory and time than solving. For this reason, we assigned veripb 600 minutes
of computation time and 64GB of memory.

For all instances that QMaxSAT could solve within the set limits, we plot
the time taken to solve the instance using QMaxSAT and using QMaxSATpb
in Figure 1. We observe that for the majority of the instances, the overhead
induced by proof logging is negligible. In fact, there are only four instances that
QMaxSATpb could not solve within the limits when QMaxSAT could.

When comparing the time needed to solve instances and the time needed to
verify the produced proofs (see Figure 2), we notice that VeriPB typically needs
more time to validate a proof than QMaxSATpb needs to solve the corresponding
instance. Moreover, VeriPB could not verify 10.2% of the solved instances within
the time limits and 2.4% within the memory limits. This suggests that VeriPB
might benefit from performance and memory optimisation.

5 Conclusion

In this paper, we presented QMaxSATpb, an extension to QMaxSAT with proofs
of optimality of the computed solutions. To verify solutions we used the VeriPB
proof system, which is based on the cutting planes proof system. We exper-
imentally validated our approach and found that proof logging itself requires



10 D. Vandesande et al.

O
oT

O
oM

1

10

100

1000

1 10 100 1000
QMaxSATpb (time in s)

Q
M

ax
S

AT
 (

tim
e 

in
 s

)
10KB
100KB
1MB
10MB
100MB
1GB
10GB

Proofsize

Fig. 1: Performance overhead induced by proof logging: for each instance, this
plot contains a comparison between the time needed to solve it with and without
proof logging.

minimal overhead. Furthermore, we find that while verification can generally
happen in reasonable time, for some instances with relatively large proofs, the
verifier struggles to finish in time.

Together with ongoing research on certified translations of pseudo-Boolean
constraints into CNF clauses [21], this work takes an important step towards cer-
tification of state-of-the-art MaxSAT solvers. Indeed, one important contribution
of our paper is to show very precisely how totalizer encodings can be added in a
certified way such that the semantics of each newly introduced variable is explic-
itly expressed as a pseudo-Boolean formula. Such totalizer encodings lie at the
heart of so-called core-guided MaxSAT algorithms (e.g., [4, 29, 30, 37]). In future
work we want to extend this class of solvers with proof-logging capabilities as
well.

While our paper focusses on SAT and MaxSAT, the VeriPB proof system has
also been used to provide proof logging for certifying solvers in richer domains
[23]. We believe it can also play an important role for the field of answer set
programming [35], where all modern solvers [19, 15, 3] support pseudo-Boolean
constraints, and are based on search and optimization algorithms that are similar
to those from SAT and MaxSAT.
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solve the instance with proof logging enabled is compared to the time needed to
verify the produced proof.
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